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Abstract
For a projective variety of dimension n in a projective space PN dened over an algebraically
closed eld, the Gauss map is the rational map of the variety to the Grassmannian of n-planes
in PN , mapping a smooth point to the embedded tangent space to the variety at the point. The
purpose here is to give three examples of Gauss maps with separable degrees greater than one
onto their images in positive characteristic: (1) a smooth variety with Kodaira dimension <n;
(2) a normal variety of general type with only isolated singularities; (3) Pn, whose image of
the Gauss map is a normal variety of general type. c© 2001 Elsevier Science B.V. All rights
reserved.
MSC: 14N05; 14E25
1. Introduction
Let X be a projective variety of dimension n over an algebraically closed eld K
of positive characteristic p. Let  : X ! PN be an embedding. The Gauss map (1) of
 is the rational map of X to the Grassmannian G := Grass(n;PN ) of n-planes in PN
mapping a smooth point x 2 X to the embedded tangent space to X at x in PN , dened
over the regular locus Reg(X ) on X as a morphism. The purpose of this paper is to
give examples of projective varieties X with embeddings  : X ! PN whose Gauss
maps have nontrivial separable degrees onto their images in three cases: (1) X is a
smooth variety with Kodaira dimension <n; (2) X is a normal variety of general
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type with only isolated singularities; (3) X = Pn, whose image (1)(Pn) is a normal
variety of general type.
Our results here are the following.
Theorem 1.1. Assume that p> 0. For a given integer n  2 and  = −1; 0; 1; : : : ;
or n − 1; there exist a smooth projective variety X of dimension n with Kodaira
dimension  and an embedding  : X ! PN whose Gauss map (1) has nontrivial
separable degree onto its image.
Theorem 1.2. Assume that p> 2. For a given integer n  2; there exist a normal
projective variety X of dimension n and Kodaira dimension n with only isolated
singularities; and an embedding  : X ! PN whose Gauss map (1) : Reg(X )! G has
nontrivial separable degree onto its image.
Theorem 1.3. Assume that p> 2. For a given integer n  2; there exists an embed-
ding  : Pn ! PN such that the image (1)(Pn) of the Gauss map (1) is a normal
variety of general type.
Due to a result of Zak [11, (I.2.8)], it is well-known that the Gauss map of a smooth
variety not linear is a nite morphism, moreover if the characteristic of the base eld is
zero, it is birational onto its image. But if the characteristic is positive, the birationality
is no longer true in general. In fact, as pointed out by A. Wallace in 1956, the Gauss
map of the Fermat hypersurface of degree p+ 1 is the K-Frobenius. In several cases,
the structure of Gauss maps in positive characteristic is known. For dimension one,
Kaji [2,3] showed that a smooth curve of genus greater than one and a supersingular
elliptic curve always have purely inseparable Gauss maps for any embeddings, and
that an ordinary elliptic curve and P1 have embeddings whose Gauss maps are insep-
arable but not purely inseparable. The embedding of P1 is given also by Rathmann
[10, (2.13)]. For higher dimensional X , several results are known [4,5,8]. In particular,
for smooth surfaces X with an embedding  : X ! PN , if the maximal destabilizing
sheaf of the tangent bundle TX has negative degree with respect to the adjoint bundle
KX ⊗OX (3), then (1) is purely inseparable [8, (1.2)]. From these results on curves and
surfaces, it is natural to ask whether there exists an embedding of a smooth projective
surface of positive Kodaira dimension whose Gauss map is inseparable but not purely
inseparable. Our results above give a partial answer to this question.
Unless otherwise mentioned, we work over an algebraically closed eld K of positive
characteristic p.
2. Smooth varieties of special type
Theorem 1.1 is a consequence of the following theorem.
A. Noma / Journal of Pure and Applied Algebra 156 (2001) 81{93 83
Theorem 2.1. Let Z be a smooth projective variety with trivial cotangent bundle.
Let Y be a smooth projective variety of dimension n having a smooth morphism
 : Y ! Z with a section. Assume that Z has a primitive lp-torsion line bundle L
for some positive integer l not divisible by p; i.e.; L⊗lp = OZ but L⊗i 6= OZ for
any i (0<i<lp). Then there exist a smooth projective variety X of dimension n; a
nite morphism  : X ! Y; and an embedding  : X ! PN satisfying the following
properties:
(1) The canonical bundle !X is isomorphic to (!Y ⊗ L⊗lp−1).
(2) The separable and inseparable degrees of  are l and p; respectively.
(3) The Gauss map (1) : X ! G := Grass(n;PN ) of  is the composite of  and a
morphism Y ! G.
(4) Unless p= 2 and n= 2; the morphism Y ! G is an embedding.
Proof of Theorem 1.1. Let Z be an ordinary elliptic curve, and hence Z has a primitive
lp-torsion line bundle for every integer l not divisible by p (see [7, III, Section 15]).
Let W be a smooth projective variety of dimension n − 1 and Kodaira dimension .
Set Y =W Z and let  be the second projection Y ! Z . By Theorem 2.1, there exists
a smooth projective variety X of Kodaira dimension , a nite morphism  : X ! Y ,
and an embedding  : X ! PN with the properties. By (2) and (3), (1) has separable
degree l or more.
The proof of Theorem 2.1 proceeds in four steps.
Step 1. (Construction of X ): Set L := L. By L_ we denote the dual of L.
Then there exist a smooth projective variety X of dimension n; a nite morphism
 : X ! Y of separable and inseparable degrees l and p; respectively; an OY -linear
dL : (L_)⊗lp ! 
1Y ; and an exact sequence
0! (L_)⊗lp 
(dL)−−!
1Y
d−!
1X ! (L_)! 0: (2.1.1)
Proof. First note that L is a primitive lp-torsion line bundle on Y , since L is so and
 has a section. Thus we have an OY -algebra A :=
Llp−1
i=0 (L
_)⊗i with H 0(Y;A) =
H 0(Y;OY )=K , and hence a connected closed subscheme X=SpecYA of the (geometric)
line bundle V := VY (L_) with nite morphism  : X ! Y (see [1, II. Exercise 5.17]).
Let fUig be an ane open covering of Y such that LjUi is trivial with a basis i
and such that its transition functions fgijg with gijj = i satisfy glpij = fj=fi for some
fi 2 OUi . For the dual zi 2 L_jUi of i, the isomorphism (L_)⊗lp ! OY on Ui maps zlpi
to fi, since z
lp
i =(g
−1
ij )
lpzlpj =(fi=fj)z
lp
j . Hence the open subset 
−1(Ui) of X is dened
by zlpi − fi in VUi(L_jUi). Consequently,  has separable and inseparable degrees l
and p, respectively.
Since lpi ⊗ dfi = (g−1ij )lplpi ⊗ dfj = lpj ⊗ dfj, a set of local sections flpi ⊗ dfig
denes a global section of Llp ⊗ 
1Y and hence the map dL : (L_)⊗lp ! 
1Y mapping
zlpi to dfi. Then we see that dL is nonzero at y 2 Y if and only if X is smooth at
every x 2 X with (x) = y. Moreover dL is a nonzero map. Indeed, if dL = 0 then
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dfi=0, and hence fi=h
p
i for some hi 2 OUi . Thus glij=hi=hj, which means L⊗l = OY ,
contradiction.
To get (2.1.1), rst note that (dL) is injective since it is nonzero and (L_)⊗lp
is of rank one. Also note that 
1X=Y = 
1V=Y jX = (L_), since the natural map
I=I2 ! 
1V=Y jX is the zero map for the ideal sheaf I of X in V. Moreover, from
the canonical diagram
0 ! I=I2 ! 
1VjX ! 
1X ! 0
k
0 ! 
1Y ! 
1VjX ! 
1V=Y jX ! 0;
we have two maps  : I=I2 ! 
1Y and  : 
1X ! 
1V=Y jX . Under the isomorphism
I=I2 = (L_)⊗lp due to glpij (zlpi − fi) = zlpj − fj, we have  = (dL) since d(fi −
zlpi )=dfi. By the snake lemma, we have Coker(
(dL)) = Ker(), and hence (2.1.1).
Since 
1Z is trivial, (L
_)⊗lp is a subbundle of 
1Z by the nonzero OZ -linear map dL
obtained from Z and L in the same way. Since  is smooth, (L_)⊗lp is a subbundle
of 
1Y by dL. Therefore X is smooth.
Step 2. (Embedding of X in projective space): Let M be a very ample line bundle
on Y such that L⊗M⊗p is also very ample. Let s0; : : : ; sr be global sections generating
M and linearly independent over K . Let V be the K-vector subspace of H 0(Y;M⊗p
L⊗M⊗p) generated by fs⊗p0 ; : : : ; s⊗pr g and a K-basis fv0; : : : ; vmg of H 0(Y; L⊗M⊗p).
Then the morphism  from the projective space bundle PY (M⊗p  L⊗M⊗p) to the
projective space PN := P(V ) with N = r + m + 1; dened by V; is an embedding
except over the 1-section PY (M⊗p). In particular; if we denote the composite
X ! VY (L_)! PY (L_  OY ) = PY (M⊗p  L⊗M⊗p) !PN
by  : X ! PN ; then  is an embedding.
This follows from the next lemma.
Lemma 2.2. Let Y be a projective variety of dimension n and G a rank-two vector
bundle tting into an exact sequence 0 ! L ! G ! OY ! 0 with a line bundle L.
Let M be a very ample line bundle on Y such that L⊗M⊗p is very ample and such
that the induced map H 0(G⊗M⊗p)! H 0(M⊗p) is surjective. Let s0; : : : ; sr be global
sections generating M and linearly independent over K . Let u0; : : : ; ur 2 H 0(G⊗M⊗p)
be lifts of s⊗p0 ; : : : ; s
⊗p
r 2 H 0(M⊗p). Let V be the K-vector subspace of H 0(G⊗M⊗p)
generated by u0; : : : ; ur and H 0(L⊗M⊗p). Then the morphism  : PY (G ⊗M⊗p) !
P(V ) dened by V is an embedding except over the 1-section PY (M⊗p).
Proof. Let v0; : : : ; vm be a K-basis of H 0(L ⊗ M⊗p) so that fu0; : : : ; ur ; v0; : : : ; vmg is
one of V . Set G0 = G ⊗ M⊗p. To see that  is injective, let P1 and P2 be two
distinct points of PY (G0)nPY (M⊗p) and set yi = (Pi), where  : PY (G0)! Y is the
projection. Set Pi=[ai; 1] 2 P(G0⊗K(yi)) (i=1; 2) under isomorphisms G0⊗K(yi) =
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(M⊗p  L ⊗M⊗p) ⊗ K(yi), where K(yi) denotes the residue eld at yi. If y1 6= y2,
the evaluation map
V !G0 ⊗ (K(y1) K(y2))= (M⊗p  L⊗M⊗p)⊗ (K(y1) K(y2))
!K(P1) K(P2)
is given by matrices
=

A 0
 B

;  =

a1 0 1 0
0 a2 0 1

for canonical bases of (M⊗p  L⊗M⊗p)⊗ K(yi) and K(Pi) and for that of V . Here
A is a 2 (r + 1)-matrix, and B is a 2 (m+ 1)-matrix of rank 2 since L⊗M⊗p is
very ample. Thus, the evaluation map is surjective, and hence (P1) 6= (P2). On the
other hand, if y1 = y2, the evaluation map
V !G0 ⊗ K(y1) = (M⊗p  L⊗M⊗p)⊗ K(y1) !K(P1) K(P2)
is given by matrices
=

a 0
 b

;  =

a1 1
a2 1

for the bases as before. By the same reason as above, a and b are a nonzero 1(r+1)-
matrix and a 1 (m+ 1)-matrix, and consequently  is of rank 2. Since a1 6= a2, the
evaluation map is surjective, and hence (P1) 6= (P2).
To see that  is an immersion at P 2 PY (G0)nPY (M⊗p), set y = (P) 2 Y . For
P := PY (G0) and the maximal ideal mP at P, as a K-vector space, OP(1)⊗ (OP=m2P)
is naturally isomorphic to M⊗p ⊗ K(y) (L⊗M⊗p)⊗ (OY =m2y). Thus the evaluation
map V ! OP(1)⊗ (OP=m2P) is the map
V ! M⊗p ⊗ K(y) (L⊗M⊗p)⊗ (OY =m2y)
given by a matrix
a 0
 B

for the basis V and for canonical bases of M⊗p ⊗ K(y) and (L ⊗M⊗p) ⊗ (OY =m2y).
Since a is a nonzero 1 (r + 1)-matrix and B is a nonzero (n+ 1) (m+ 1)-matrix
of rank n+1, the evaluation map is surjective, and hence  is an immersion at P.
Step 3. The Gauss map (1) : X ! G of  : X ! PN = P(V ) factors through
 : X ! Y .
Proof. Let P1X (OX (1)) be the bundle of principal parts of OX (1) := 
OPN (1) of the
rst order on X with left OX -module structure, and let a1 be the natural surjection
V ⊗OX ! P1X (OX (1)) (see for example [9, Section 6]). We have only to show that a1
comes from Y since (1) is obtained from a1 by the universality of the Grassmannian
G. First note that OX (1) = (L ⊗ M⊗p), since P(L_) 2 jOP(L_O)(1)j does not
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intersect X and hence OP(L_O)(1)jX = OX . Also note that P1X (OX (1)) ts into the
exact sequence
0! 


1Y
(L_)⊗lp

⊗ OX (1)! P1X (OX (1))! P1X=Y (OX (1))! 0 (2.3.1)
which follows from (2.1.1) and from the natural diagram
0 ! 
1X ⊗ OX (1) ! P1X (OX (1)) ! OX (1) ! 0
# # k
0 ! 
1X=Y ⊗ OX (1) ! P1X=Y (OX (1)) ! OX (1) ! 0:
On the other hand, for P := PY (M⊗p  L ⊗ M⊗p), from the isomorphism 
1X=Y =

1V=Y jX in Step 1 and the canonical diagram
0 ! 
1P=Y ⊗ OP(1)jX ! P1P=Y (OP(1))jX ! OP(1)jX ! 0
# # k
0 ! 
1X=Y ⊗ OX (1) ! P1X=Y (OX (1)) ! OX (1) ! 0;
we obtain P1X=Y (OX (1)) = P1P=Y (OP(1))jX . Consequently P1X=Y (OX (1)) = (M⊗pL⊗
M⊗p), since P1P=Y (OP(1)) is the pull-back of M
⊗pL⊗M⊗p to P by [9, Proposition
6:3].
We will see that (2.3.1) comes from Y . Let  be a local basis of L at y 2 Y and let
s be one of M , and hence ⊗ s⊗p is a local base of L⊗M⊗p at y 2 Y . By Step 1,
the dual z 2 L_ of  can be seen as a local function on X , and hence f := zlp is one
on Y . By Step 1, f1 := f − f(y) 2 OY can be extended to a system of parameters
f1; t2; : : : ; tn at y 2 Y . By denition, it is easy to see that
z ⊗ (⊗ s⊗p) + dz ⊗ (⊗ s⊗p); 1⊗ (⊗ s⊗p); dti ⊗ (⊗ s⊗p) (i = 2; : : : ; n)
(2.3.2)
make a local basis of P1X (OX (1)) at every point x with (x)= y and that the rst two
make one of P1X=Y (OX (1)) = (M⊗p  L⊗M⊗p).
We will look at the transition matrix of (2.3.1) with respect to these bases in (2.3.2).
Let  and 0 be local bases of L and s and s0 ones of M with transition functions (=0)
and (s=s0), respectively. Let z and z0 be the dual of  and 0, respectively. Since
z ⊗ (⊗ s⊗p) + dz ⊗ (⊗ s⊗p) = 1⊗ (⊗ s⊗p)z = 1⊗ (0 ⊗ s0⊗p)z
 
0
 s
s0
p
= 1⊗ (0 ⊗ s0⊗p)z0
 s
s0
p
=
 s
s0
p
fz0 ⊗ (0 ⊗ s0⊗p) + dz0 ⊗ (0 ⊗ s0⊗p)g;
1⊗ (⊗ s⊗p) = 1⊗ (0 ⊗ s0⊗p)
 
0
 s
s0
p
=
 
0
 s
s0
p
⊗ (0 ⊗ s0⊗p) +
 s
s0
p
d
 
0

⊗ (0 ⊗ s0⊗p);
the entries of the transition matrix are functions over Y , and hence (2.3.1) is the
pull-back of an exact sequence with a vector bundle E on Y tting into
0!


1Y
(L_)⊗lp

⊗ (L⊗M⊗p)! E ! (M⊗p  L⊗M⊗p)! 0:
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Finally, we will show that a1 comes from Y . To this end, let x 2 X and we look at
a1 with respect to the basis s⊗p0 ; : : : ; s
⊗p
r ; v0; : : : ; vm of V in Step 2 and the local basis
of P1X (OX (1)) at x in (2.3.2). By renumbering the indices if necessary, we may assume
that s0((x)) 6= 0 and v0((x)) 6= 0. Then for a suitable ane open neighborhood U of
(x) in Y , we have M⊗pjU=OU s⊗p0 and L⊗M⊗pjU=OUv0 and hence  := v0⊗(s_0 )⊗p
is a basis of LjU . Let z be the dual of . If vi = giv0 for gi 2 OY at (x), then we
have
a1(s⊗pj ) = 1⊗ (⊗ s⊗p0 )z

sj
s0
p
=

sj
s0
p
fz ⊗ (⊗ s⊗p0 ) + dz ⊗ (⊗ s⊗p0 )g
and
a1(vi) = 1⊗ (⊗ s⊗p0 )gi = gi ⊗ (⊗ s⊗p0 ) + dgi ⊗ (⊗ s⊗p0 )
for j = 0; : : : ; r and i = 0; : : : ; m. The all entries in the matrix with respect to the basis
(2.3.2) are local functions on Y , and therefore a1 is a pull-back of some V ⊗OY ! E.
This completes the proof of Step 3.
Step 4. (The image of (1)): Assume that H 0(Y; L⊗M⊗p)! (L⊗M⊗p)⊗ (OY =m3y)
is surjective for every y 2 Y . (This assumption holds true if M is suciently very
ample.) Assume that the global sections s0; : : : ; sr 2 H 0(M) dene an embedding of
Y in Pr . Then the induced morphism Y ! G in Step 3 is an embedding unless p=2
and n= 2.
Proof. We have only to show that the wedge  : ^n+1V⊗OY ! ^n+1E of the surjection
V ⊗ OY ! E in Step 3 denes an embedding of Y . To see that any distinct points
y1 and y2 of Y are mapped to distinct points, by suitable change of bases of H 0(M)
and H 0(L⊗M⊗p), we may assume that s0(y1) 6= 0; s1(y1) = 0; v0(y1) 6= 0; s0(y2) 6=
0; s1(y2) 6= 0, and v0(y2) 6= 0. Moreover, if vi = giv0 for gi 2 OY at y2, we may
assume that g1; : : : ; gn make a system of parameters of OY at y2 such that g2; : : : ; gn
can be extended to one of OX at the points over y2 and that gi 2 m2y2 (i  n). Then
(s⊗p1 ^ v0 ^ v2 ^ : : : ^ vn) 2 ^n+1E is zero at y1 but nonzero at y2, which means y1
and y2 are mapped to distinct points.
To see that the morphism is an immersion at a point y of Y , by suitable change of
bases, we may assume that v0(y) 6= 0 and s0(y) 6= 0. Moreover if vi = giv0 at y for
gi 2 OY , we may assume that t1 := g1; : : : ; tn := gn consist of a system of parameters
of OY at y such that t2; : : : ; tn can be extended to one of OX at the points over y,
and that gn+i − t2i 2 m3y (i = 1; : : : ; n). If n  3, we may assume furthermore that
g2n−2+i − t2ti 2 m3y (i=3; : : : ; n). For  and z in Step 3, set  := (z⊗ (⊗ s⊗p0 )+dz⊗
(⊗ s⊗p0 )) ^ (1⊗ ⊗ s⊗p0 ) ^ (dt2 ⊗ (⊗ s⊗p0 )) ^    ^ (dtn ⊗ (⊗ s⊗p0 )). Since
(s⊗p0 ^ v0 ^ v2 ^    ^ vn) = ;
(s⊗p0 ^ v1 ^ v2 ^    ^ vn) = t1;
(s⊗p0 ^ v0 ^ v2 ^    ^ vi−1 ^ vn+i ^ vi+1 ^    ^ vn)− 2ti 2 m2y (i = 2; : : : ; n);
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(s⊗p0 ^ v0 ^ v2 ^ v2n+1 ^ v4 ^    ^ vn)− t2 2 m2y;
(s⊗p0 ^ v0 ^ v2n−2+i ^ v3 ^    ^ vn)− ti 2 m2y (i = 3; : : : ; n) for n  3;
the morphism is an immersion at y unless p= 2 and n= 2, as required.
3. Normal varieties of general type
Theorem 1.2 follows immediately from the following theorem.
Theorem 3.1. Assume that p> 2. Let l be a positive integer not divisible by p.
Let Y be a smooth projective variety of dimension n  2. Let L be a very ample
line bundle on Y and s a general global section of L⊗lp. Then there exist a normal
projective variety X of dimension n with only isolated singularities; a nite morphism
 :X ! Y; and an embedding  : X ! PN satisfying the following properties:
(1) The canonical sheaf !X of X is isomorphic to (!Y ⊗ L⊗lp−1).
(2) There exists a birational morphism : X^ ! X such that X^ is a smooth projective
variety of general type with !X !X^ .
(3) The separable and inseparable degrees of  are l and p; respectively.
(4) The Gauss map (1) : Reg(X ) ! G := Grass(n;PN ) of  is the composite of
jReg(X ) and a morphism (Reg(X ))! G.
(5) If L is triple or more of a very ample line bundle; then the morphism (Reg(X ))!
G is an embedding.
The proof of Theorem 3.1 proceeds in three steps.
Step 1. (Construction of X ): There exist a normal projective variety X with only
isolated singularities, a nite morphism  : X ! Y of separable and inseparable
degree l and p; respectively, an OY -linear ds : (L_)⊗lp ! 
1Y ; and an exact sequence
0! (L_)⊗lp 
ds! 
1Y
d!
1X ! (L_)! 0:
Furthermore, the singular locus of X is exactly the inverse image −1((ds)0) of the
zero locus of ds, and there exists a birational morphism  : X^ ! X such that X^ is
a smooth projective variety of general type with !X !X^ .
Proof. We follow the construction in [6]. The map (L_)⊗lp ! OY induced by s
denes an OY -algebra A :=
Llp−1
i=0 (L
_)⊗i with H 0(Y;A) = K and hence we have
a connected closed subscheme X = SpecY A of V := VY (L_) with nite morphism
 : X ! Y . Let fUig be an ane open covering of Y such that each LjUi is trivial
with a basis i. Let zi 2 L_ be the dual of i. If s= filpi for fi 2 OUi , then −1(Ui)
is dened by zlpi − fi in VUi(L_jUi). Since dfi = (j=i)lp dfj, we have the OY -linear
map ds : (L_)⊗lp ! 
1Y mapping zlpi to dfi. Then ds is nonzero at y 2 Y if and
only if X is smooth at every x 2 X with y = (x). The exact sequence is obtained
by the same argument as in Step 1 in Section 2. If ds is zero at y 2 Y , by [6, 18.
Proposition], we have f − (f(y) + t21 + : : : + t2n) 2 m3y with f(y) 6= 0 for a suitable
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system of parameters t1; : : : ; tn at y 2 Y since s is general. This implies that at every
x 2 X with (x) 2 (ds)0; X has only isolated singularities given by a local equation
wp − (t21 +   + t2n) + h 2 OV for some h 2 m3x and a system of parameters w; t1; : : : ; tn
at x of OV. By blowing up of V at the singular points step by step (see [6, Section
21]) and by adjunction formula, we obtain a birational morphism  : X^ ! X with
smooth projective X^ and !X !X^ . Since !X = (!Y ⊗ L⊗lp−1) is ample, X^ is of
general type.
Step 2: Set V = H 0(Y;OY  L). Let  : X ! PN := P(V ) be the composite
X ! VY (L_)! PY (L_  OY ) = PY (OY  L)! P(V ):
Then the Gauss map (1) : Reg(X )! G of  factors through  : X ! Y .
Proof. By the same argument as in Step 3 in Section 2, we see that the surjection
a1 : V ⊗ OX ! P1X (OX (1)) on Reg(X ) comes from Y n (ds)0 by , and hence (1)
factors through .
Step 3: Assume that L is triple (or more) of some very ample line bundle. Then
the morphism Y n(ds)0 ! G is an embedding.
Proof. By the same argument as in Step 4 in Section 2, it turns out that Yn(ds)0 ! G
is an immersion. For the injectivity, we note that the n-plane in PN corresponding
to the image of y 2 Y is spanned by the tangent directions (
1Y =(L_)⊗lp)_ ⊗ K(y)
in P(H 0(L))P(V ) and the ruling P((OY  L) ⊗ K(y))P(V ). Thus if distinct
points y1 and y2 of Y n(ds)0 are mapped to a same point in G, then the embedded
tangent spaces to Y at y1 and y2 intersect in P(H 0(L))(P(V )). By the following
Lemma 3.2 together with our assumption, this is contradiction.
Lemma 3.2. Let Y PL be a projective variety not contained in any hyperplane;
dened over an algebraically closed eld of arbitrary characteristic. Let vm : PL !
PM be the mth Veronese embedding. By TP(vm(Y )) we denote the embedded tangent
space to vm(Y ) at P 2 Y in PM . Then
(1) when m = 2; if Y 6= PL; for any two general distinct points P;Q of Y; we have
TP(v2(Y )) \ TQ(v2(Y )) = ; in PM ;
(2) when m  3; for any two distinct smooth points P;Q of Y; we have TP(vm(Y )) \
TQ(vm(Y )) = ; in PM .
In particular; for the embedding  of Y into projective space by the complete linear
system associated to OPL(m)jY; if m  3 then the embedded tangent spaces to (Y )
do not intersect each other.
Proof. (1) For two distinct points P;Q 2 PL, we may assume that P=[1; 0; : : : ; 0] and
Q=[1; z1; : : : ; zL], where zi are ane coordinates of PL. Since C := v2(Q)=[1; z1; : : : ; zL;
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fzizjg0<ijL] 2 PM ; TQ(v2(PL)) is spanned by the row vectors of the matrix
2
6666666666664
C
@C
@z1
@C
@z2
...
@C
@zL
3
7777777777775
=
2
666666666666664
1 z1 z2 : : : zL fzizjg0<ijL
0 1 0 : : : 0

@zizj
@z1

0<ijL
0 0 1 : : : 0

@zizj
@z2

0<ijL
...
...
...
. . .
...
...
0 0 0 : : : 1

@zizj
@zL

0<ijL
3
777777777777775
:
Hence TP(v2(PL))\TQ(v2(PL)) corresponds to the solutions [a0; a1; : : : ; aL] of the equa-
tion
a0C+ a1
@C
@z1
+   + aL @C@zL 2 TP(v2(P
L)):
By Euler’s formula,
[a0; a1; : : : ; aL] = [2;−z1; : : : ;−zL] (3.2.1)
is a solution. If zi 6= 0, the submatrix consisting of column vectors corresponding to
z1zi; z2zi; : : : ; zLzi is of rank L or more in any characteristic. Since P 6= Q we have zi 6=
0 for some i, and hence (3.2.1) is a unique solution up to scalar multiple. Therefore
TP(v2(PL)) \ TQ(v2(PL)) = fu = [2; z1; : : : ; zL; 0; : : : ; 0] 2 PMg.
For a given P 2 Y , up to PGL(PL), we may assume that
TP(v2(Y ))TP(v2(PL)) \ V (WL)TP(v2(PL));
where WL is a homogeneous coordinate of PM . For general Q 2 Y with Q 62 V (Z0)PL,
if TP(v2(Y )) \ TQ(v2(Y )) 6= ;, then this is a one point set fugV (WL), and hence
zL=0. Since Q 2 Y is general, Y is contained in the hyperplane ZL = 0, contradiction.
(2) In the same way, we set P = [1; 0; : : : ; 0]; Q = [1; z1; : : : ; zL] 2 PL, and
C := vm(Q) = [1; z1; : : : ; zL; fzizjg0<ijL; fzizjzkg0<ijkL; : : : ]:
We look at the solutions [a0; a1; : : : ; aL] of the equation
w := a0C+ a1
@C
@z1
+   + aL @C@zL 2 TP(vm(P
L)):
By (1), [a0; a1; : : : ; aL] = [2;−z1; : : : ;−zL] is the only candidate of the solution. Since
2z3i −

z1
@z3i
@z1
+   + zL @z
3
i
@zL

=−z3i
the entry corresponding to z3i of w is nonzero if zi 6= 0, and hence w 62 TP(vm(PL)) if
Q 6= P. This implies TP(vm(PL))\TQ(vm(PL))=;. Therefore TP(vm(Y ))\TQ(vm(Y ))=;
for P 6= Q 2 Reg(Y ).
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The nal part follows from (2) since vm is obtained from  by taking the linear
projection and the linear inclusion corresponding to H 0(Y;OPL(1)jY )⊗m !
H 0(Y;OPL(m)jY ).
4. Pn
To prove Theorem 1.3, we need the following lemma.
Lemma 4.1. Let  : PY (G) ! Y be a projective bundle over an n-dimensional pro-
jective variety Y associated with a locally free sheaf G of rank n + 1 on Y . Let X
be an n-dimensional smooth projective subvariety of PY (G) such that the compos-
ite  : X ! PY (G) ! Y is a nite morphism factoring through the K-Frobenius
of X . Let  : X ! PN be the embedding given by an embedding PY (G) ! PN as
scroll; (i.e.; every ber of  is linear in PN ); whose image is not contained in any
hyperplane. Then the Gauss map (1) of  is the composite of  and an embedding
Y ! G=Grass(n;PN ).
Proof. By denition of bundles of principal parts (see for example [9, Section 6]), we
have the following commutative diagram:
0 ! 
1P=Y ⊗ OP(1)jX ! GjX ! OP(1)jX ! 0
k # k
0 ! 
1P=Y ⊗ OP(1)jX ! P1P=Y (OP(1))jX ! OP(1)jX ! 0
# # k
0 ! 
1X=Y ⊗ OX (1) ! P1X=Y (OX (1)) ! OX (1) ! 0
" " k
0 ! 
1X ⊗ OX (1) ! P1X (OX (1)) ! OX (1) ! 0:
The map  is an isomorphism, since  factors through the K-Frobenius by assumption.
Also  is isomorphism, since  is a surjective map between locally free sheaves of
same rank. Therefore the middle terms are isomorphic.
For V := H 0(OPN (1)), it is easy to see that a1 : V ⊗ OX ! P1X (OX (1)) is the
pull-back of the canonical surjection V ⊗OY ! G by  under the isomorphism G =
P1X (OX (1)). By assumption and Lemma 4.2 below, the canonical surjection denes an
embedding Y ! G, and therefore the image of (1) is Y .
Lemma 4.2. Let Y be a possibly singular projective variety of dimension n and G
a locally free sheaf of rank r + 1. Let V H 0(Y; G) be a K-vector space gener-
ating G and  : V ⊗ OY ! G the corresponding surjection. Assume that the mor-
phism PY (G) ! P(V ) dened by V is an embedding. Then the morphism Y !
Grass(r;P(V )) dened by  is also an embedding.
Proof. We will check that the image of
Vr+1 V to global sections of Vr+1G separates
two points and tangent directions. Since the separation of two points are clear, we have
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only to check the separation of tangent directions at a point P of P := PY (G) over
y 2 Y . Around y 2 Y , G is trivialized as G=Oe0  Oer so that P=[1; 0; : : : ; 0] 2
P(G ⊗ K(y)). Our assumption implies the surjectivity of the map
V !
 
OY
m2y
!
e0  K(y)e1      K(y)er
since the vector space in the right-hand side is isomorphic to OP(1) ⊗ (OP=m2P). Let
t1; : : : ; td be lifts of basis of my=m2y in OY and let v0; : : : ; vr ; v01; : : : ; v0d be elements
of V such that (vi) − ei and (v0j) − tje0 (i = 0; : : : ; r; j = 1; : : : ; d) are contained in
m2ye0  mye1      myen. Since
^(v0 ^ v1 ^    ^ vr)− e0 ^    ^ er 2 mye0 ^    ^ er;
^(v0i ^ v1 ^    ^ vr)− tie0 ^    ^ er 2 m2ye0 ^    ^ er;
^r+1V ! ^r+1G ⊗ (OY =m2y) is surjective, as required.
Proof of Theorem 1.3. The idea comes from the curve case in [2,3] and [10, (2.13)].
Let L be a very ample line bundle on Pn such that !Pn ⊗ L⊗p−1 is ample. Let s
be a general global section of L⊗p. By Step 1 in Section 3 with l = 1, we have the
nite morphism  : Y ! Pn from a normal projective variety Y to Pn associated with
s, which corresponds to  : X ! Y in Step 1 in Section 3 with the notation there.
By construction, Y is of general type. By looking at  locally, there exists a purely
inseparable morphism  : Pn ! Y such that    is the K-Frobenius morphism F of
Pn. Take a nite morphism f : Pn ! Pn and set =fF . Let  (= Pn)PnY
be the graph of . Embed Pn  Y in a suitable projective space PN as a scroll, not
contained in any hyperplane. Let  : Pn =  Pn  Y PN be the embedding. By
Lemma 4.1, (1) factors through  with (1)(Pn) = Y , as required.
Example. With the same notation as in proof of Theorem 1.3, we write down the
embedding  in Theorem 1.3 explicitly, when n = 2 and p  5 for simplicity. Let
Y0; Y1; Y2 be homogeneous coordinates of P2. Set L = OP2 (1) so that !P2 ⊗ L⊗p−1 =
OP2 (p− 4) is ample. Let S(Y0; Y1; Y2) =
P
ai0i1i2Y
i0
0 Y
i1
1 Y
i2
2 be a general global section
of OP2 (p) with ai0i1i2 2 K and set S1(Y0; Y1; Y2) =
P
a1=pi0i1i2 Y
i0
0 Y
i1
1 Y
i2
2 . The (geomet-
ric) line bundle VP2 (OP2 (−1)) ! P2 is realized by the linearprojection P3nQ!P2,
[W0; W1; W2; W3] 7! [W0; W1; W2] with center Q = [0; 0; 0; 1], since
V(OP2 (−1)) = P(OP2 (−1) OP2 )nP(OP2 (−1)) = P(OP2  OP2 (1))nP(OP2 )
and since P(OP2OP2 (1)) can be seen the blowing up of P3 at Q with the exceptional
set P(OP2 ), or the graph of the linear projection P3nQ!P2 with center Q. Under the
identication, Y is dened by Wp3 −S(W0; W1; W2)=0 in P3 and  : Y ! P2 is induced
by the linear projection. Then  : P2 ! Y in the proof is induced by the morphism
P2 ! P3 given by [Y0; Y1; Y2] 7! [Yp0 ; Y p1 ; Y p2 ; S1(Y0; Y1; Y2)], since this factors through
Y and the composite P2 ! P2 with  is the K-Frobenius F of P2. Let f : P2 ! P2
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be the double cover dened by [Y0; Y1; Y2] 7! [Y 20 ; Y 21 ; Y 22 ]. Then  :=   f  F is
given by [Y0; Y1; Y2] 7! [Y 2p
2
0 ; Y
2p2
1 ; Y
2p2
2 ; S1(Y
2p
0 ; Y
2p
1 ; Y
2p
2 )]. Take the embedding  to
be P2 =   ,! P2  Y ,! P2  P3 ,! P11, where the nal inclusion is the Segre
embedding. Thus  is given by
[Y0; Y1; Y2] 7!
2
4 Y0Y1
Y2
3
5 [Y 2p20 Y 2p21 Y 2p22 S1(Y 2p0 ; Y 2p1 ; Y 2p2 )]
and the image of (1) is isomorphic to Y .
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